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Abstract
An operation of joining coset diagrams for a given group, introduced by
Higman and developed by Conder in connection with Hurwitz groups,
is reinterpreted and generalised as a connected sum operation on dessins
d’enfants of a given type. A number of examples are given.
Subject class: 05C10, 14H57, 20B25, 30F10.
Keywords: dessin d’enfant, coset diagram, triangle group, monodromy
group.
1 Introduction
Around 1970 in Oxford, in a series of unpublished lectures on Generators and
Relations, Graham Higman introduced a technique which he called ‘sewing
coset diagrams together’. The basic idea was to combine two transitive
permutation representations of a group Γ, of finite degrees n1 and n2, to
give a transitive permutation representation of Γ of degree n1 + n2. In
certain cases this could be done by taking permutation diagrams for these
two representations, that is, coset diagrams for point-stabilisers with respect
to certain generators for Γ, and joining them to obtain a larger connected
diagram, also representing Γ, by replacing some pairs of fixed points of a
generator of order 2 with 2-cycles. Under suitable conditions, this could be
iterated to give permutation representations of Γ of even larger degrees.
One aim for using this technique was to obtain relatively concise presen-
tations for various finite groups, such as PSL2(q) for certain values of q, and
the sporadic simple group J1 of order 175,560 which had been discovered by
Janko [8, 9] a few years earlier. Another aim was to obtain finite quotients
of certain finitely presented infinite groups, such as various triangle groups
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(including the modular and extended modular group), and Coxeter’s groups
Gp,q,r (see [4, §7.5]) with presentations
〈A,B,C | Ap = Bq = Cr = (AB)2 = (BC)2 = (CA)2 = (ABC)2 = 1〉.
Higman gave an outline argument, using this technique, that the alternating
group An is a Hurwitz group, that is, a quotient of the triangle group
1
∆ = ∆(3, 2, 7) = 〈X,Y,Z | X3 = Y 2 = Z7 = XY Z = 1〉,
for all sufficiently large values of n. This was fully proved, extended and made
more precise by Higman’s student Marston Conder in his 1980 D. Phil. thesis
and his first published paper [1]: he showed that An is a Hurwitz group for
all n ≥ 168, and also for a specific set of smaller values of n, ranging from 15
to 166. (See [3] for a useful recent survey of Hurwitz groups, also by Conder.)
He also applied this technique to realise all sufficiently large alternating and
symmetric groups as quotients of the extended triangle group ∆[3, 2, 7].
This method of joining coset diagrams together was also applied by Wil-
son Stothers [23, 24] in 1974 to the modular group Γ = PSL2(Z), and in
1977 to the triangle group ∆, in order to study the possible specifications
(essentially signature, plus cusp-split in the case of Γ) for their subgroups of
finite index. This work arose out of his Cambridge PhD thesis, written in
1972 under the supervision of Peter Swinnerton-Dyer.
Conder’s technique for finding alternating quotients of ∆ was later ex-
tended by Pellegrini and Tamburini [21], who showed that the double cover
2.An of An is a Hurwitz group for all n ≥ 231. It was transferred by Luc-
chini, Tamburini and Wilson [19] from permutations to matrices in order
to show that the groups SLn(q) are all Hurwitz groups for n ≥ 287, while
Lucchini and Tamburini [18] proved a similar result for various other families
of classical groups. Conder’s coset diagrams have also been used in [13] to
construct Beauville surfaces from pairs of Hurwitz dessins.
In [2], Conder extended the technique to generalise his results in [1] to
triangle groups of type (3, 2, k) for all k ≥ 7; his diagrams have been used
in [11] to show that such groups have uncountably many maximal subgroups,
and in [12] to realise all countable groups as automorphism groups of maps
and hypermaps of various types. By extending the joining operation to
Dyck groups, Everitt [5] showed that each non-elementary finitely generated
Fuchsian group has all sufficiently large alternating groups as quotients.
The theory developed by Higman and Conder was entirely 1-dimensional:
their basic tools were graphs, with edges implicitly labelled and directed.
1For consistency with dessin notation, we prefer ∆(3, 2, 7) to the isomorphic ∆(2, 3, 7).
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However, when the theory is applied to triangle groups (including extended
triangle groups), as in many of Higman’s examples, and in almost all of
the others discussed above, the coset diagrams can be interpreted as maps
on compact oriented surfaces (often the sphere), and therefore, following
Grothendieck [7], as dessins d’enfants, that is, as ‘pictures’ of algebraic
curves defined over the field Q of algebraic numbers, shown in the Appendix.
Moreover, their joining operations correspond to certain type-preserving con-
nected sum operations on dessins, allowing Hurwitz dessins of arbitrary size
and genus to be created from simple planar ingredients. Thus Conder’s
main result in [1] can be interpreted as using connected sums to construct,
for each integer n ≥ 168 (and many smaller n), a planar dessin with mon-
odromy group An, so that this group is realised as a Hurwitz group on its
Galois cover, of genus 1 + n!/168.
The aim of this paper is to explain these reinterpretations, with illus-
trative examples, and to generalise the joining operations as connected sum
operations on surfaces. In particular, whereas Higman and Conder based
their technique on using the fixed points of a generator of order 2 of a trian-
gle group, we shall extend this to fixed points of a generator of any order.
Acknowledgement The author is grateful to Alexander Zvonkin for many
very helpful comments.
2 Preliminaries
We refer the reader to [6, 15, 17] for background on dessins. Here we sum-
marise a few special aspects of dessins and other topics to be used later.
2.1 Hurwitz dessins
Hurwitz showed that if X is a compact Riemann surface of genus g > 1
then |AutX| ≤ 84(g − 1). A group G is defined to be a Hurwitz group if
G ∼= AutX for some surface X attaining this bound, or equivalently, G is a
non-trivial finite quotient of the triangle group ∆ := ∆(3, 2, 7). In this case
there is a bijection, given by X ∼= H/N , between the isomorphism classes of
such surfaces X and the normal subgroups N of ∆ with ∆/N ∼= G.
Any transitive finite permutation representation θ : ∆ → G ≤ SymΩ of
∆ gives a Hurwitz group G. Hence so does any subgroup M of finite index
in ∆, where θ : ∆→ G is the permutation representation of ∆ on the cosets
of M , and N = ker θ is the core of M in ∆, the intersection of its conjugates.
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In such cases θ orM induces a Hurwitz dessin M on the Riemann surface
H/M ; this is a bipartite map with the edges corresponding to the elements of
Ω, and the black and white vertices and faces corresponding to the cycles of
the images x, y and z in G of the standard generators of ∆, so that G acts as
the monodromy group of M. Similarly the subgroup N , which corresponds
to the regular representation of G, induces a regular Hurwitz dessinN on the
Hurwitz surface H/N ; this dessin N is the Galois cover, or minimal regular
cover M˜ of M, with automorphism group AutN ∼= G.
If |∆ : M | = n, and x, y and z (of orders 3, 2 and 7) have α, β and γ fixed
points on the cosets ofM , then it follows from a result of Singerman [22] that
M has signature σ = (g; 3[α], 2[β], 7[γ]), where the Riemann–Hurwitz formula
implies that M has genus
g = 1 +
1
84
(n− 28α− 21β − 36γ). (1)
This means that M has a standard presentation as a Fuchsian group, with
generators
Ai, Bi (i = 1, . . . , g), Xj (j = 1, . . . , α), Yk (k = 1, . . . , β), Zl (l = 1, . . . , γ)
and defining relations∏
i
[Ai, Bi] ·
∏
j
Xj ·
∏
k
Yk ·
∏
l
Zl = X
3
j = Y
2
k = Z
7
l = 1.
We will also refer to σ as the signature of the dessinM corresponding to M .
The values of α, β and γ can be computed as follows. Any transitive
permutation group G can be regarded as permuting the cosets of a point-
stabiliser H. A simple counting argument shows that the number of fixed
points of an element h ∈ G is |hG ∩ H|.|CG(h)|/|H|, where hG and CG(h)
denote the conjugacy class and centraliser of h in G, so that |hG|.|CG(h)| =
|G| by the Orbit-Stabiliser Theorem. Of course, since the periods 3, 2 and
7 of ∆ are all prime, the parameters n, α, β and γ uniquely determine the
cycle-structures of x, y and z, and hence the signatures of M and D.
2.2 Jordan’s Theorem
Many Hurwitz dessins of degree n have monodromy group G isomorphic to
the alternating group An. To prove this in specific cases, one can often use
the following theorem (see [26, Theorem 13.9]):
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Theorem 2.1 (Jordan) If G is a primitive permutation group of degree n
containing a cycle of prime length l ≤ n− 3 then G ≥ An.
We will also use the following extension of Jordan’s Theorem [10], where
the primality condition is omitted. (The proof uses the classification of finite
simple groups; this is the only part of this paper which depends upon it.)
Theorem 2.2 If G is a primitive permutation group of degree n containing
a cycle of length l ≤ n− 3 then G ≥ An.
In either case, if G is the monodromy group of a Hurwitz dessin, then G
is a quotient of ∆ and so must be perfect; thus G 6= Sn and hence G = An.
2.3 From coset diagrams to dessins
In order to construct permutation representations of ∆, Higman and Conder
used the vertices of small triangles to represent 3-cycles of X, with their
cyclic order given by the positive (anticlockwise) orientation of the page,
and heavy dots for its fixed points; they used long edges to indicate 2-cycles
of Y . Any connected diagram formed in this way is a coset diagram for a
point-stabiliser M ≤ ∆. For example the left-hand part of Figure 1 shows
the coset diagram A from [1]; here M has index 14, and X and Y have cycle
structures 1[2], 3[4] and 1[2], 2[6].
A A
Figure 1: The diagram A and dessin A.
Any coset diagram D for ∆ can be converted into a Hurwitz dessin D
by shrinking each triangle representing a 3-cycle of X to a single vertex,
with the cyclic order giving the local orientation of the surface, and then
adding a free edge for each fixed point of Y . Thus the directed edges of D
correspond to the vertices of D, with the same actions of X and Y . The
faces of the dessin correspond to the cycles of Z. This transformation is
illustrated in Figure 1, which shows the spherical dessin A corresponding to
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the coset diagram A. The process can be reversed by truncating a Hurwitz
dessin D, so that each trivalent vertex is replaced with a small triangle, then
removing the free edges and ignoring the faces, to give the coset diagram D.
Conder’s diagrams in [1] all have bilateral symmetry, so they can be
regarded as coset diagrams for subgroups of the extended triangle group
∆[3, 2, 7] = 〈X,Y, T | X3 = Y 2 = (XY )7 = (XT )2 = (Y T )2 = 1〉,
with T permuting vertices by reflection in the vertical axis. The motivation
for this was that Conder wanted to realise Sn and An as quotients of ∆[3, 2, 7]
for all sufficiently large n. Here we do not have this ambition, so we will not
restrict our diagrams and dessins to those with bilateral symmetry.
The dessinsA, . . . ,N corresponding to Conder’s basic diagrams A, . . . ,N
are all drawn in [13], whereas only A, B, C, F and G are used in this paper;
their basic properties are listed in the Appendix.
2.4 Macbeath–Hurwitz curves
Being perfect, every Hurwitz group is a covering of a non-abelian finite simple
group, which is also a Hurwitz group. Up to any given finite order, most
non-abelian finite simple groups have the form PSL2(q) for prime-powers q,
so it is natural that many of our examples will also have this form.
Theorem 2.3 (Macbeath [20]) PSL2(q) is a Hurwitz group if and only if
one of the following conditions is satisfied:
1. q = 7 or q = p3 for a prime p ≡ ±2 or ±3 mod (7), with one associated
Hurwitz curve;
2. q is a prime p ≡ ±1 mod (7), with three associated Hurwitz curves
distinguished by the choice of ±tr(z).
In case (1) the uniqueness of the corresponding regular dessin shows that
it is defined over Q. Streit [25] showed that in case (2) the three dessins are
defined over the real cyclotomic field Q(cos(2pi/7)) = Q(e2pii/7)∩R, and that
for each q they form an orbit under the Galois group C3 of that field. This
orbit consists of one reflexible dessin and a chiral pair.
For odd q, PSL2(q) has order q(q
2−1)/2, so the genus of the correspond-
ing curve or curves is
g = 1 +
q(q2 − 1)
84
.
On the other hand |PSL2(8)| = 504, so in this case the curve has genus 7.
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3 Some small dessins
We now introduce some small Hurwitz dessins to be used later as examples.
S S
Figure 2: Dessins S and S.
Example The dessin S and its mirror image S, shown in Figure 2, are
the smallest Hurwitz dessins, having degree n = 7. They both have genus
0. In each case the monodromy group is PGL3(2), in its natural action on
the points or the lines of the Fano plane P2(F2); these are equivalent to
the actions of the isomorphic group PSL2(7) on its two conjugacy classes of
subgroups H ∼= S4. These dessins correspond to two conjugacy classes of
subgroups M of ∆, of index 7 and signature (0; 2, 2, 2, 3).
A B C
Figure 3: Dessins A, B and C.
Example Figure 3 shows three Hurwitz dessins A, B and C, of genus 0 and
of degrees 14, 15 and 21, based on Conder’s coset diagrams A, B and C
in [1]. Note that A has been redrawn from Figure 1 so that the free edges
are now in the outer face; the reason for this will become clear in the next
section, when we consider joining operations (see Figure 5).
The monodromy group of A is PSL2(13) in its natural representation of
degree 14 on the projective line P1(F13); the point-stabilisers are the Sylow
7
13-normalisers H ∼= C13 ⋊ C6. One can take x : t 7→ 1/(1 − t), y : t 7→ −t
and z : t 7→ (t + 1)/t as standard generators. This dessin corresponds to a
conjugacy class of subgroups M of index 14 in ∆; since A has genus 0, and
x and y each have two fixed points while z has none, these subgroups M are
quadrilateral groups, with signature (0; 2, 2, 3, 3). We have A ∼= A˜/H where
A˜ is the Galois cover of A, corresponding to the core K of M in ∆; this is
the unique reflexible dessin in the Galois orbit of three Macbeath–Hurwitz
dessins of genus 14 with automorphism group PSL2(13). (See [16] for further
details of this Galois orbit and the corresponding quotient dessins.)
In B, the commutator [x, y] has cycle structure 3, 5, 7, so the monodromy
group G contains a 3-cycle, a 5-cycle and a 7-cycle. A transitive group of
degree 15 with an element of order 7must be primitive (otherwise it would be
contained in a wreath product S5 ≀S3 or S3 ≀S5, of order coprime to 7), and a
primitive group containing a 3-cycle contains the alternating group (see [26,
Theorem 13.3]). Since x, y and z are even, G = A15. (As Conder showed
in [1], this is the smallest alternating group which is a Hurwitz group.) In
this case the corresponding subgroups M of ∆ have signature (0; 2, 2, 2, 7).
The monodromy group of C is PGL3(2), isomorphic to PSL2(7), in its
imprimitive action of degree 21 on the flags (incident point-line pairs) of
the Fano plane, or equivalently its action by conjugation on its involutions.
The point-stabilisers are the Sylow 2-subgroups H ∼= D4. The corresponding
subgroups M of ∆ have signature (0; 2, 2, 2, 2, 2).
4 Joins for Hurwitz dessins
From now on, unless stated otherwise, all dessins will be Hurwitz dessins,
that is, finite oriented hypermaps of type (3, 2, 7). In this section we will
consider the handles and joins introduced by Higman and used by Conder,
reinterpreting them as operations on dessins.
4.1 y-handles and y-joins
The joins used by Higman and Conder are based on fixed points of the
generating involution Y for ∆ (or X in their notation; the symbols are
transposed here for more convenient explanation of links with dessins). Let
D be a Hurwitz dessin with monodromy group
G = 〈x, y, z | x3 = y2 = z7 = xyz = · · · = 1〉.
This gives a faithful transitive permutation representation of G. As usual,
cycles of x, y and z are represented as vertices, edges and faces. If y has two
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fixed points (free edges) in the same face, we can uniquely label them a and
b so that b = ax, axyx or axyxyx, that is, b = az1−kx for some k = 1, 2 or
3; the ordered pair (a, b) is then called a (k)-handle. These are illustrated in
Figure 4. If we do not wish to specify the value of k, we will sometimes call
these y-handles, to distinguish them from the x-handles to be defined later.
ab
k = 1
ab
k = 2
ab
k = 3
Figure 4: (k)-handles for k = 1, 2, 3.
Example In each of the dessins S and S in Figure 2, Y has three fixed
points. One ordered pair of them forms a (1)-handle, and another forms a
(2)-handle; there are no (3)-handles.
Example In the dessin A in Figure 3, Y has two fixed points, forming a (1)-
handle. In B, Y has three fixed points; two ordered pairs form (2)-handles,
and a third forms a (3)-handle. In C, Y has five fixed points, providing a
(1)-handle and a (3)-handle.
Lemma 4.1 Let D → D be a covering of Hurwitz dessins. Then any (k)-
handle in D projects onto a (k)-handle in D.
Proof. If ay = a, by = b and b = az1−kx in D, then the images a and b of a
and b in D satisfy the corresponding equations. If a = b then the covering
reduces the number of sides of the face containing the handle (a, b), so its
image has just one side. Thus Z fixes a, and hence so does 〈Y,Z〉 = ∆,
contradicting the transitivity of ∆. Hence a 6= b, so (a, b) is a (k)-handle. 
The following partial converse is obvious:
Lemma 4.2 Let D˜ → D be a d-sheeted covering of Hurwitz dessins. Then
any (k)-handle (a, b) in D lifts to d disjoint (k)-handles in D˜, provided the
covering is unbranched over a and b. 
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Dessins with arbitrarily many (k)-handles can be constructed by applying
Lemma 4.2 to a dessin D with at least one (k)-handle (a, b), where the
covering D˜ → D corresponds to a suitable index d inclusion M˜ ≤M of map
subgroups. To avoid branching over a and b we require the elliptic generators
of order 2 ofM corresponding to the fixed points a and b of Y to be elements
of M˜ . In all except a few small cases, such subgroups M˜ exist.
Example Let D = C, so that M has signature (0; 2[5]). Let Y1 and Y2
be the elliptic generators corresponding to the (1)-handle, Y3 and Y4 those
corresponding to the (3)-handle, and let Y5 be the fifth, chosen so that
Y1 . . . Y5 = 1. For any integer d ≥ 2 define an epimorphism
θ : M → Dd = 〈u, v | u2 = v2 = (uv)d = 1〉
by Y1, Y2 7→ u, Y3, Y4 7→ v, and Y5 7→ 1. Then M˜ = θ−1(〈u〉) has index d
in M , and contains Y1 and Y2, so it corresponds to a covering of C with d
disjoint (1)-handles, while θ−1(〈v〉) corresponds to a covering with d disjoint
(3)-handles. Similarly, examples with arbitrarily many disjoint (2)-handles
can be constructed as coverings of B.
We now define joins of dessins. Suppose that Hurwitz dessins Di (i = 1, 2)
of degree di and genus gi have (k)-handles (ai, bi) for the same value of k. We
can form a (k)-join D1(k)D2 by defining the cycles of x and y to be those they
have on D1 or on D2, except that the four fixed points ai, bi of y are replaced
with two 2-cycles (a1, a2) and (b1, b2). (This is called a k-composition in [1],
but we prefer to reserve the word ‘composition’ for a different method of
combining dessins, by composing their Bely˘ı functions.) As with handles, if
we do not wish to specify the value of k we sometimes will call these y-joins,
to distinguish them from x-joins defined later. This operation is illustrated
in Figure 5 in the case k = 1; the cases k = 2 and 3 are similar. Topologically
this is a connected sum operation, where the two dessins are joined across
cuts between the free ends of the half-edges representing the fixed points ai
and bi, with the cuts staying in the faces containing the two k-handles. If
either dessin Di has more than one (k)-handle, one may need to specify the
choice of handles in order to define their (k)-join uniquely.
The following simple result records the additivity properties of joins.
Theorem 4.3 If Hurwitz dessins Di (i = 1, 2) of degree ni and signature
(gi; 3
[αi], 2[βi], 7[γi]) have a (k)-join D, then D has degree n and signature
(g; 3[α], 2[β], 7[γ]) where
n = n1 + n2, g = g1 + g2, α = α1 + α2, β = β1 + β2 − 4 and γ = γ1 + γ2.
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a′b′
D2 D2
ab
D1 D1
Figure 5: Construction of D1(1)D2
Proof. The equations for n, α, β and γ follow immediately from the defini-
tion of a join, and that for g follows from applying the Riemann–Hurwitz
formula (1) to these three dessins. 
Example. The dessins A and C in Figure 3 each have a unique (1)-handle,
so we can form the join A(1)C of degree 14 + 21 = 35, as shown in Figure 6.
This dessin has monodromy group G = A35. To prove this, we first show
that G is primitive. If not, it has a blocks of size b, so G is embedded in the
wreath product Sb ≀Sa = (Sb)a⋊Sa, where ab = 35 and hence {a, b} = {5, 7}.
We cannot have a = 5 since G would then act on the blocks as a Hurwitz
subgroup of S5, so a = 7 and b = 5. This implies that the Sylow 7-subgroups
of G, which are mutually conjugate, are isomorphic to C7, so all elements of
order 7 have the same cycle structure. However, inspection of Figure 6 shows
that w := [x, y] has cycle structure 1[2], 2[2], 4[2], 21, so w12 has cycle structure
1[14], 7[3], whereas for z it is 7[5]. Thus G is primitive. Now w4 is a 21-cycle,
so G ≥ A35 by Theorem 2.2, with equality since G is perfect. (This has been
confirmed using GAP.) This example illustrates how the monodromy group
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AC A(1)C
Figure 6: Construction of A(1)C.
of a join (in this case of order approximately 5 ·17×1039) can be much larger
than those of the two factors (here of orders 1092 and 168). (In principle, it
could be smaller, but it is hard to think of an example.)
Warning. When making a y-join, it is important that a1 should be paired
with a2, and b1 with b2, rather than a1 with b2 and a2 with b1. For example,
the dessin S in Figure 2 has a (1)-handle, so we can form a Hurwitz dessin
S(1)S (as we will see in Figure 8), but if we choose the wrong pairing for
the fixed points of y in the two copies of S, as in Figure 7, we obtain a
dessin of type (3, 2, 12) rather than (3, 2, 7), with faces of valency 2 and 12;
its monodromy group, of order 2688 = 27.3.7, is solvable, so it cannot be a
Hurwitz group. More generally, applying such ‘incorrect’ pairings to Hurwitz
dessins gives dessins which have quotients of the modular group
Γ = PSL2(Z) = ∆(3, 2,∞) = 〈X,Y | X3 = Y 2 = 1〉,
rather than ∆(3, 2, 7), as monodromy groups. We will consider this in more
detail in §6, devoted to Γ.
12
Figure 7: Joining copies of S incorrectly.
It should be clear from the definition that joining is commutative and
associative, in the sense that there are obvious isomorphisms D1(k)D2 ∼=
D2(k)D1 and D1(k)(D2(k′)D3) ∼= (D1(k)D2)(k′)D3 whenever these dessins
are well-defined. In the case of associativity this requires the chosen (k)-
and (k′)-handles in D2 to be mutually disjoint. The following lemma ensures
that, as long as we do not use copies of B, S or S, distinct y-handles in the
same dessin will be in distinct faces, so they will be mutually disjoint and
can therefore be used independently of each other:
Lemma 4.4 The following conditions on a Hurwitz dessin D are equivalent:
1. D has two y-handles with a common fixed point;
2. D has two y-handles in the same face;
3. D is isomorphic to B, S or S.
Proof. The implication (1) ⇒ (2) is obvious, and (3) ⇒ (1) is evident from
Figures 2 and 3. The implication (2) ⇒ (3) follows from straightforward
case-by-case analysis, using the fact that a (k)-handle in a face uses four,
three or four of its seven sides as k = 1, 2 or 3 (see Figure 4). 
4.2 The double cover D(k)D
If a dessin D has a (k)-handle, one can form the join D∗ = D(k)D, a double
cover of D branched over two points, namely those corresponding to the fixed
points a and b of Y in the chosen handle. There is an obvious automorphism
of order 2 of D∗, interchanging the two copies of D; the quotient is isomorphic
to D. The double covering D∗ → D shows that the monodromy group G∗ of
D∗ must be imprimitive, with blocks of size 2 permuted as the monodromy
group G of D, so it is isomorphic to a subgroup of the wreath product S2 ≀G.
If D has degree n and signature (g; 3[α], 2[β], 7[γ]), then it follows from
Theorem 4.3 that D∗ has degree n∗ = 2n and signature
(g∗; 3[α
∗], 2[β
∗], 7[γ
∗]) = (2g; 3[2α], 2[2β−4], 7[2γ]).
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Since M∗ has index 2 in M , it contains the subgroup M ′M2 generated
by the commutators and squares of the elements of M . Now the standard
presentation of M (see §2.1) shows that M/M ′M2 is an elementary abelian
2-group of rank r = 2g + β − 1, so M has 2r − 1 subgroups of index 2,
each corresponding to a double covering of D. (For instance, D∗ corresponds
to the normal closure in M of all its standard generators except the two
involutions Yk corresponding to the fixed points of Y in the chosen handle.)
This immediately leads to the following:
Lemma 4.5 Suppose that a planar Hurwitz dessin D has exactly two fixed
points for Y , forming a (k)-handle; then D∗ is the unique Hurwitz dessin
which is a double covering of D. If, in addition, the point stabiliser H in the
monodromy group G of D has a subgroup H∗ of index 2, then D∗ also has
monodromy group G, with point stabiliser H∗. 
However, if g > 0 or β > 2 then D∗ is one of several double coverings of
D, and its monodromy group could be G or a proper covering group of G
contained in S2 ≀G (as must happen if H has no subgroup of index 2).
Example Let D = S or S (see Figure 2), with monodromy group G =
PGL3(2) acting on the points or lines of the Fano plane, so that H belongs
to one of the two conjugacy classes of subgroups of G isomorphic to S4.
Then g = 0 but β = 3, so Lemma 4.5 does not apply. Since r = 2 there
are three double coverings of D. Taking k = 1 we obtain the chiral pair
of planar dessins S∗ = S(1)S and S∗ = S(1)S in the top row of Figure 8.
The monodromy group of each is the unique Hurwitz group G∗ of genus
17, a non-split extension of an elementary abelian group of order 8 by its
automorphism group GL3(2) ∼= G. There is a chiral pair of regular Hurwitz
dessins associated with this group, and these two dessins are their quotients.
Taking k = 2 we obtain the dessins S(2)S and S(2)S in the bottom row
of Figure 8. They have the same monodromy group G as S and S, but now
in its imprimitive representations on the cosets of the unique subgroup H∗ of
index 2 in H, isomorphic to A4; the two conjugacy classes of such subgroups
give the two representations.
The third double covering of D in this example does not arise from a
(k)-join as defined earlier. However, like the coverings D(k)D for k = 1, 2 it
is branched over two of the three fixed points of y in D, in this case satisfying
b = axyx−1 rather than b = a(xy)k−1x. Figure 9 shows the chiral pair of
Hurwitz dessins resulting from taking D = S and S; their monodromy group
is the Hurwitz group G∗ of genus 17 associated earlier with D(1)D.
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S(1)S S(1)S
S(2)S S(2)S
Figure 8: The dessins S(k)S and S(k)S .
Figure 9: The third double coverings of S and S.
Example Figure 10 shows the dessins A∗ = A(1)A, B∗ = B(3)B and C∗ =
C(1)C, of degrees 28, 30 and 42. Since A is planar and has β = 2, the above
argument shows that A∗ has the same monodromy group PSL2(13) as A, but
now in its imprimitive representation of degree 28 on the cosets of the unique
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A(1)A B(3)B C(1)C
Figure 10: The dessins A(1)A, B(3)B and C(1)C.
subgroup H∗ ∼= C13 ⋊ C3 of index 2 in H ∼= C13 ⋊ C6. On the other hand,
since the monodromy group of B is A15, and a point stabiliser H ∼= A14
in A15 has no subgroup of index 2, the monodromy group of B∗ must be
a proper covering group of A15; according to GAP it is an extension of an
elementary abelian group of order 214 by A15, which must be the imprimitive
group (S2 ≀ A15) ∩ A30. Similarly, although the monodromy group of C is
PGL3(2) ∼= PSL2(7), that of C∗ is a covering of this group by an elementary
abelian group of order 26; as an abstract group, and as the automorphism
group of the regular cover of C∗, this is the unique Hurwitz group of genus
257, corresponding to the normal subgroup K ′K2 of∆, where K corresponds
to the regular Hurwitz dessin of genus 3. These dessins A∗, B∗ and C∗ are
all reflexible, because A, B and C are reflexible, invariant under a reflection
which preserves the chosen handle (as an unordered pair of fixed points).
Example The dessin B also has two (2)-handles, transposed by its reflection.
We can therefore form four dessins B(2)B of degree 30, shown in Figure 11,
by choosing one of these handles in each copy of B. The two dessins in the
top row, where the same handle has been chosen from each copy, clearly form
a chiral pair; GAP shows that their monodromy group is (S2 ≀ A15) ∩ A30.
The two dessins in the bottom row, where different handles have been chosen
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Figure 11: The dessins B(2)B.
from each copy, are also mirror images of each other, but they are in fact
isomorphic, by a half-turn of the sphere transposing the two copies of B, so
that this dessin is invariant under the antipodal symmetry of the sphere. In
this case GAP shows that the monodromy group is A30.
As a variation on the concept of a double covering D(k)D, if D has
a (k)-handle then so has D, and even if D 6∼= D we can form the dessin
D(k)D ∼= D(k)D. If D has degree n and signature (g; 3[α], 2[β], 7[γ]), then so
has D, so as in the case of D∗ it follows from Theorem 4.3 that D(k)D has
degree n∗ = 2n and signature (2g; 3[2α], 2[2β−4], 7[2γ]).
Example If we join the dessins S and S in Figure 2, we see a phenomenon
similar to that in the preceding example, as shown in Figure 12. The dessins
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S(1)S and S(1)S in the first row, clearly mirror images of each other, are
also isomorphic under a rotation of order 2, and are each invariant under the
antipodal isometry of the sphere. Although the monodromy group of S and S
is PGL3(2) ∼= PSL2(7), and for S(1)S and S(1)S it is a covering of this group,
this dessin has monodromy group PSL2(13), in its natural representation. It
is, in fact, one of a Galois orbit of three dessins corresponding to this action;
the others are A, shown in Figure 3, and the dessin S(2)S ∼= S(2)S, also
invariant under the antipodal isometry, shown in the second row of Figure 12.
S(1)S S(1)S
S(2)S S(2)S
Figure 12: The dessins S(k)S and S(k)S for k = 1, 2.
4.3 Multiple joins
If dessins Di (i = 1, 2) each have several mutually disjoint handles, then one
can use these to make a multiple join D by joining mk (k)-handles in D1 to
the same number in D2 (provided that many exist) for k = 1, 2, 3. If each Di
has degree ni and signature (gi; 2
[αi], 3[βi], 7[γi]), then D has degree n1 + n2
and signature (g; 2[α], 3[β], 7[γ]) where g = g1 + g2 +m − 1 (m :=
∑
kmk),
α = α1 + α2, β = β1 + β2 − 4m and γ = γ1 + γ2.
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In this way, Hurwitz dessins of arbitrary genus g can be formed from a
pair of Hurwitz dessins of genus 0 with at least g + 1 compatible handles.
For instance, since the dessin G in Figure 13 (based on Conder’s diagram G
in [1]) has genus 0 and three disjoint (1)-handles, we could take each Di to be
the composition G(1) · · · (1)G of g−1 copies of G. (Using such a composition
as a ‘stem’, on which to attach further Hurwitz dessins, is a basic idea in [1]
and several subsequent papers.)
Figure 13: The dessin G.
4.4 y-handles from PSL2(q)
Motivated by the example of the dessin A, it is natural to look for other
instances of y-handles arising from the Hurwitz groups G = PSL2(q) in
their natural representation. Based on Macbeath’s classification [20] of the
Hurwitz groups of this form, as explained in §2.4, we have the following:
Theorem 4.6 A Hurwitz dessin corresponding to the natural representation
of the group G = PSL2(q), q = p
e, has a (k)-handle if and only if either
• q = p = 13, with tr(z) = ±5 and k = 1, or
• q = p = 29, with tr(z) = ±3 and k = 2, or
• q = p = 41, with tr(z) = ±11 and k = 3.
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Proof. If a (k)-handle exists then y has two fixed points, so q must be odd
and y must have order dividing (q− 1)/2 where q ≡ 1 mod (4). By applying
an automorphism of G we may assume that y has the form t 7→ −t, fixing
a = 0 and b =∞, or equivalently, that y corresponds to the pair of elements
±
(
i 0
0 −i
)
of SL2(q), where i
2 = −1. An element of G has order 3 if and only if it has
trace ±1, so the most general form for x is
±
(
a b
c 1− a
)
where a(1 − a)− bc = 1. It then follows that xy has trace
t = ±(2a− 1)i.
Now any element of order 7, such as xy, has trace ±τj where τj = λj+λ−j
for j = 1, 2, 3 and λ is a primitive 7th root of 1 (possibly in an extension
field). One easily checks that τ1+ τ2+ τ3 = −1, τ1τ2+ τ2τ3+ τ3τ1 = −2 and
τ1τ2τ3 = 1, so the elements ±τj are respectively the roots of the polynomials
p±(t) := t(t
2 − 2)± (t2 − 1).
First we look for (1)-handles. These require x : 0 7→ ∞, so a = 0 and xy
has trace t = ±i. Thus i must be a root of one of the polynomials p±(t),
so 3i = ±2 and hence p = 13 with t = ±5. By Macbeath’s classification, it
follows that q = 13. The dessin is that shown earlier as A in Figure 3.
In the case of a (2)-handle we require xyx : 0 7→ ∞. Writing x and y as
above we find that
xyx : 0 7→ (1− 2a)b
2a2 − 3a+ 2 ,
so this is equivalent to
2a2 − 3a+ 2 = 0.
Putting t = δ(2a − 1)i with δ2 = 1 gives t2 = −4a2 + 4a− 1 = −2a+ 3, so
0 = p±(t) = δ(2a − 1)i(−2a + 1)± (−2a+ 2)
= δi(−4a2 + 4a− 1)± 2(1 − a)
= δi(−2a + 3)± 2(1 − a),
and hence 0 = (2a − 3)2 + 4(a − 1)2 = 8a2 − 20a + 13 = −8a + 5, that is,
a = 5/8. This gives 0 = 50 − 120 + 128 = 58 and hence q = p = 29. The
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roots of 2a2 − 3a + 2 in F29 are a = −3 and −10, and we have i = ±12, so
xy has trace t = δ(2a − 1)i = ±3 or ±9. Now the roots of p+(t) are 3, 12
and 13, so a = −3, giving t = ±3.
It is now straightforward to check that the resulting dessin is the planar
dessin F in Figure 14, corresponding to Conder’s diagram F in [1].
Figure 14: The dessin F .
In the case of a (3)-handle we require (xy)2x : 0 7→ ∞. Writing x and y
as above we find that this is equivalent to
4a3 − 8a2 + 8a− 3 = 0.
Putting t = δ(2a − 1)i with δ2 = 1 gives t2 = −4a2 + 4a− 1, so
0 = p±(t) = t(t
2 − 2)± (t2 − 1)
= δ(2a− 1)i(−4a2 + 4a− 3)± (−4a2 + 4a− 2)
= δi(−8a3 + 12a2 − 10a+ 3)± (−4a2 + 4a− 2)
= δi(−4a2 + 6a− 3)± (−4a2 + 4a− 2)
so that
0 = (−4a2 + 6a− 3)2 + (−4a2 + 4a− 2)2
= 32a4 − 80a3 + 92a2 − 52a+ 13.
Using the cubic to eliminate the leading term gives
−16a3 + 28a2 − 28a + 13 = 0 = 0
Repeating this gives
−4a2 + 4a+ 1 = 0
Thus 4a2 = 4a+1, so 4a3 = 4a2 + a = 5a+1, and hence the cubic becomes
5a − 4 = 0, that is, a = 4/5. Substituting this in the above quadratic gives
64 = 105, so q = p = 41, with a = 9. Here i = ±9 so t = ±11. As a check,
p+(−11) = 0, so −11 = λ+ λ−1 for some primitive 7th root of 1 in F413 .
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Figure 15: A torus dessin T with monodromy group PSL2(41).
F
F(2)F
Figure 16: F and F(2)F .
The corresponding dessin T has genus g = 1. It is shown in Figure 15
with opposite sides of the outer hexagon identified to form a torus. 
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The dessin F with monodromy group PSL2(29) which appears in this
theorem corresponds to a conjugacy class of subgroups M of index 30 in ∆
with signature (0; 2, 2, 7, 7). As in the case q = 13, it follows from Lemma 4.5
that the dessin F∗ = F(2)F , shown on the right in Figure 16, also has
monodromy group PSL2(29), acting on the cosets of the unique subgroup
H∗ = H2 ∼= C29⋊C7 of index 2 in a natural point stabiliser H ∼= C29⋊C14.
However, Lemma 4.5 does not apply to the dessin T with monodromy
group PSL2(41), since this has genus 1. Indeed, the dessin T ∗ = T (3)T ,
which has genus 2 and has no fixed points for y, cannot be that corresponding
to the unique subgroup H2 ∼= C29 ⋊ C10 of index 2 in H ∼= C29 ⋊ C20, since
the latter dessin is an unbranched covering of T , of genus 1, with four fixed
points for y forming two (3)-handles.
Theorem 4.6 shows that although the number β of fixed points of y is
invariant under the absolute Galois group G = GalQ/Q (as indeed are the
cycle structures of x, y and z for any dessin, see [14]), the property of having
a (k)-handle is not invariant. As Macbeath showed in Theorem 2.3, for each
prime p ≡ ±1 mod (7) there are three Hurwitz dessins with the natural
representation of PSL2(p) as their monodromy group, distinguished by the
values of ±tr(z). In each case, as shown by Streit [25] they form an orbit of
G, but for p = 13, 29 and 41 only one of them has a handle, by Theorem 4.6.
For the other two dessins in each orbit the two fixed points of y lie in different
faces, as shown in Figure 17 for p = 13.
A
tr(z) = ±5 tr(z) = ±3 tr(z) = ±6
Figure 17: The Galois orbit containing A.
Corollary 4.7 Suppose that a Hurwitz dessin D has a monodromy group
G = PSL2(q) in a representation which covers the natural representation.
Then D has a (k)-handle if and only if
• one of the three conclusions of Theorem 4.6 holds, and
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• the point stabilisers for D have even order.
Proof. If D has a (k)-handle, then by Lemma 4.1 so does its quotient dessin
D corresponding to the natural representation of G, so one of the three
conclusions of Theorem 4.6 applies, with q = p = 13, 29 or 41. The point
stabilisers for D are subgroups H0 of natural point stabilisers H ∼= Cp ⋊
C(p−1)/2 in G. If H0 has odd order then D has no fixed points for y and
hence no handles, whereas if H0 has odd index in H, then the handle in D
must lift to at least one handle in D. This deals with the cases q = 13 or 29,
since every subgroup of H has odd order or odd index. In the case q = 41
there are also subgroups H0 of even order and even index; however, these
are all subgroups of odd index in H2, which correspoinds to a dessin with
two handles, so their corresponding dessins also have handles. 
In each of the three cases in Theorem 4.6 the natural point stabilisers H
are Frobenius groups H ∼= Cp ⋊ C(p−1)/2. The subgroups H0 of H therefore
consist of one subgroup Cp⋊Cf and a conjugacy class of p subgroups Cf for
each factor f of (p − 1)/2. By Corollary 4.7, the subgroups corresponding
to dessins with y-handles are those for which f is even. When p = 13, 29 or
41 these values of f are 2 and 6, or 2 and 14, or 2, 4, 10 and 20. Of course,
we need to exclude H0 = H in order to obtain non-identity coverings.
.
Example. When q = p = 13 in Corollary 4.7 the point stabilisers H0 < H
giving y-handles consist of a normal subgroup C13 ⋊ C2 ∼= D13, and two
conjugacy classes of 13 subgroups C2 and C6. The first case corresponds
to the 3-sheeted regular covering G of A of degree 42 shown in Figure 13,
branched over the two fixed points of x and considered later in §5.2 as an
example of an x-join. In this case, and also when H0 = C2, the numbers α,
β and γ of fixed points of x, y and z are 0, 6 and 0, with three (1)-handles;
the dessins have genus g = 0 and 6 respectively. When H0 = C6 we have
α = β = 2 and γ = 0; the dessin has genus 2, and there is one (1)-handle.
The last two dessins, of degrees 546 and 182, are too large for us to draw.
When q = p = 29 the subgroups H0 < H providing handles consist of a
normal subgroup C29⋊C2 ∼= D29, and two conjugacy classes of 29 subgroups
C2 and C14. The first corresponds to a 7-sheeted regular covering of F of
degree 210, branched over the two fixed points of z. Here, and also when
H0 = C2, we have α = γ = 0 and β = 14, with seven (2)-handles, but with
g = 0 and 70 respectively. When H0 = C14 we have α = 0 and β = γ = 2,
so there is one (2)-handle and the genus is 10.
When q = p = 41 the relevant subgroups H0 < H are three normal
subgroups C41 ⋊ Cf for f = 2, 4 or 10, and four conjugacy classes of 41
24
subgroups Cf for f = 2, 4, 10 or 20. The corresponding dessins have α = γ =
0 and β = 40/f , with 20/f (3)-handles. The normal subgroups correspond
to 20/f -sheeted unbranched regular coverings of the dessin in Figure 15, of
genus 1. The dessins corresponding to subgroups Cf have genus 1 + 400/f .
Of course, this leaves open the question of what handles can appear in
other representations of Hurwitz groups PSL2(q). As above, Lemma 4.1
shows that it is sufficient to classify those handles arising from primitive
representations, where the point-stabilisers are maximal subgroups.
5 x-joins
Instead of using fixed points of y, one can also define handles, and a similar
joining operation, based on fixed points a and b of the standard generator
x of order 3. In this case, we will say that they form a (k)-handle for x if
b = a(yx)ky. We may assume that k = 1, 2 or 3, as illustrated in Figure 18.
ab
k = 1
ab
k = 2
ab
k = 3
Figure 18: (k)-handles for x, with k = 1, 2, 3.
If k = 1, it is easy to see that the dessin is unique: it must be as in
Figure 19, shown with the fixed points in the outer or inner face, since no
further vertices, edges or faces can be added. This dessin, of degree 8 and
genus 0, corresponds to the natural action of PSL2(7) on the projective line
over F7, with point stabiliser H ∼= C7 ⋊ C3.
Figure 20 shows that the cases k = 2 and k = 3 are equivalent: a (2)-
handle for x must be as shown on the left, so by transposing the roles of a
and b it can also be regarded as a (3)-handle as on the right, and vice versa.
We will therefore always assume that k = 1, as in Figure 19, or k = 2; we
will call these trivial and non-trivial x-handles respectively.
If Hurwitz dessins Di (i = 1, 2, 3) have (k)-handles (ai, bi) for x, with the
same value of k, we can form an x-join D1(x)D2(x)D3, by defining the cycles
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ab
ab
Figure 19: The unique dessin with a (1)-handle for x.
ab
ba
Figure 20: Equivalence of (2)- and (3)-handles for x.
of x and y to be those they have on D1, D2 and D3, except that the six fixed
points ai, bi of x become two 3-cycles a = (a1, a2, a3) and b = (b3, b2, b1) (note
the reverse cyclic ordering of subscripts). The result is a connected Hurwitz
dessin, and again this can be regarded as a connected sum operation, joining
surfaces across cuts.
The analogue of Theorem 4.3 for x-joins is as follows:
Theorem 5.1 If Hurwitz dessins Di (i = 1, 2, 3) of degree ni and signature
(gi; 3
[αi], 2[βi], 7[γi]) have an x-join D, then D has degree n and signature
(g; 3[α], 2[β], 7[γ]) where
n =
∑
ni, g =
∑
gi, α =
∑
αi − 6, β =
∑
βi and γ =
∑
γi.
Proof. The proof is similar to that for Theorem 4.3. 
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Figure 21: The trivial x-join, with k = 1.
In the trivial case k = 1, the only possible x-join involves three copies
Di of the dessin D of degree 8 in Figure 19. The resulting dessin D∗ =
D(x)D(x)D is shown in Figure 21. It has degree 24 and genus 0, and is a
3-sheeted regular covering of D. The monodromy group of D∗ is described
in the Example in §5.1. Since neither x nor y has fixed points, this dessin
cannot be used to form further joins.
In the more general case k = 2, a typical x-join is shown in Figure 22, with
the handles of each dessin drawn in the outer face. If we restrict attention
to the faces containing the points ai and bi, we have a 3-sheeted covering,
branched over the points a and b. Whereas in the case of y-joins we had
the same monodromy permutation, a 2-cycle, at each of the two the branch-
points, here we use two mutually inverse 3-cycles; the important point is that
in both cases the product of the two monodromy permutations is the identity.
The resulting dessin depends only on the chosen cyclic order of the three
dessins Di; reversing this gives the mirror image of D1(x)D2(x)D3, where
Di denotes the mirror image of Di. It follows that if each Di is reflexible
the result is completely independent of the order of the three dessins. If the
three dessins Di are mutually isomorphic, by isomorphisms which match up
the selected handles, then D1(x)D2(x)D3 has an automorphism of order 3,
permuting the dessins Di cyclically and fixing a and b.
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D1
D2
D3
ab
Figure 22: The general dessin D1(x)D2(x)D3, with k = 2.
5.1 The triple cover D(x)D(x)D
If a dessin D has an x-handle, one can form the join D∗ = D(x)D(x)D,
a triple cover of D branched over two points, corresponding to the fixed
points a and b of x in the chosen handle. If D has degree n and signature
(g; 3[α], 2[β], 7[γ]), thenD∗ has degree 3n and signature (3g;α[3α−6], 3[3β], 7[3γ]).
The covering D∗ → D is regular, induced by the obvious automorphism
of order 3 of D∗, soM∗ is a normal subgroup ofM . (It is, in fact, the normal
closure in M of all its standard generators apart from the two generators Xj
corresponding to the fixed points of X in the chosen handle.) Thus M∗
contains the subgroup M ′M3 generated by the commutators and cubes of
the elements of M . Now the signature of M shows that M/M ′M3 is an
elementary abelian 3-group of rank r = 2g + α − 1, so M has (3r − 1)/2
subgroups of index 3, each corresponding to a regular triple covering of D.
This leads to the following analogue of Lemma 4.5:
Lemma 5.2 Suppose that a planar Hurwitz dessin D has exactly two fixed
points for X, forming a (k)-handle; then D∗ = D(x)D(x)D is the unique
Hurwitz dessin which is a triple covering of D. If, in addition, the point
stabiliser H in the monodromy group G of D has a subgroup H∗ of index 3,
then D∗ also has monodromy group G, with point stabiliser H∗. 
Example. This applies to the dessin D in Figure 19, showing that the
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monodromy group of D∗ (shown in Figure 21) is PSL2(7), like that of D, but
now acting on the cosets of a Sylow 7-subgroup H∗ ∼= C7.
However, if g > 0 or α > 2 then D∗ is one of several triple coverings of D,
and its imprimitive monodromy group could be isomorphic to G or a proper
covering group of G contained in S3 ≀ G. The latter must happen if H has
no subgroup of index 3, for example if G is An acting naturally.
5.2 A non-trivial example of an x-join
The triple cover A∗ = A(x)A(x)A of the dessin A of degree 14 in Figures 1
and 3 is a Hurwitz dessin of degree 42 and genus 0. This is the dessin G based
on Conder’s diagram G in [1] and shown in Figure 13. It is a 3-sheeted regular
covering of A, branched over the two points corresponding to the fixed points
a and b of x, so that A ∼= G/C3 where the group C3 of automorphisms of G
permutes the three copies of A cyclically. It follows from Lemma 5.2 that,
like A, this dessin G also has monodromy group PSL2(13), but now in its
imprimitive representation of degree 42 on the cosets of a dihedral subgroup
H∗ ∼= D13 = C13 ⋊ C2.
This example illustrates an important general point about x-joins, anal-
ogous to a point made earlier about y-joins (see Figure 7 and the accompa-
nying text). In Figure 13 there appear to be several different ways of joining
three copies of the dessin A together: some of them could first be rotated
through a half-turn, or equivalently reflected in a horizontal axis, so that the
‘Y’ containing the y-handle is inverted. However, unless we do this to all
three copies, this would break the rule that vertices ai in the x-handles must
be identified with each other to form a new vertex a, with the same applying
to the vertices bi: there cannot be any ‘mixing’ of vertices ai and bi. Equiva-
lently, there must be combinatorial isomorphisms between the oriented faces
containing the x-handles in the three dessins, so that xy still has order 7 af-
ter the joining operation. Incorrect identifications here could result in faces
of valency other than 1 or 7, giving a transitive representation of ∆(3, 2,∞),
isomorphic to the modular group PSL2(Z), rather than ∆ (see §6).
5.3 x-handles from PSL2(q)
The following is the analogue of Theorem 4.6 for x-handles:
Theorem 5.3 A dessin corresponding to the natural representation of the
group G = PSL2(q) has an x-handle if and only if q = 13, with tr(z) = ±5.
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Proof. If an x-handle exists then x has two fixed points, so it must be an
elliptic element, of order dividing (q−1)/2 where q ≡ 1mod (3). By applying
an automorphism of G we may assume that x has the form t 7→ ωt, fixing
a = 0 and b =∞, where ω2 + ω +1 = 0, or equivalently, that x corresponds
to the pair of elements
±
(
ω2 0
0 ω
)
of SL2(q). An element of G has order 2 if and only if it has trace 0, so the
most general form for y is
±
(
a b
c −a
)
where a2 + bc+ 1 = 0. It then follows that xy has trace
±t = ±a(ω2 − ω) = ±a√−3.
As before, t = ±τj where τj = λj + λ−j where λ is a primitive 7th root
of 1, and the elements ±τj are respectively the roots of the polynomials
p±(t) := t(t
2 − 2)± (t2 − 1).
Now 0 and ∞ form an x-handle if and only if yxyxy : 0 7→ ∞. Writing
x and y as above we find that this is equivalent to
abc(ω − 1)
bc+ a2ω2
= a.
Now a 6= 0 (since otherwise 〈x, y〉 ∼= S3), so this simplifies to
3a2 = ω − 2.
Thus t2 = −3a2 = 2− ω, so
0 = −p±(t) = t(t2 − 2)± (t2 − 1) = −tω ± (1− ω)
and hence
t2ω2 = (1− ω)2.
This simplifies to ω = 3, so that 32+3+1 = 0. Thus p = 13, so q = 13 with
t = ±5 and a = ±3. 
The dessin characterised by this theorem is A, shown in Figures 1 and 3.
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Corollary 5.4 Suppose that a Hurwitz dessin D has a monodromy group
G = PSL2(q) in a representation which covers the natural representation.
Then D has an x-handle if and only if
• q = 13, with tr(z) = ±5, and
• the point stabilisers have order divisible by 3.
Proof. The proof is similar to that of Corollary 4.7 for y-handles, with the
prime 3 replacing 2. 
The possible point-stabilisers in PSL2(13) satisfying these conditions are
therefore those isomorphic to C13 ⋊ C6, C13 ⋊ C3, C6, or C3. The first
two correspond to the planar dessins A and A(1)A considered earlier (see
Figures 1, 3 and 10); these have one x-handle and two, respectively, as have
the dessins corresponding to the last two, which are 13-sheeted branched
coverings of these, of genus 2 and 4.
As with y-handles, this leaves open the question of which other repre-
sentation of Hurwitz groups PSL2(q) provide x-handles. As before, it is
sufficient to consider those handles arising from primitive representations.
5.4 More dessins with x-handles.
It seems to be rather unusual for a Hurwitz dessin to contain an x-handle,
at least among those dessins of relatively low degree. For instance, of the
14 dessins A, . . . ,N based on Conder’s diagrams A, . . . ,N in [1], only A has
one: indeed, in each of the remaining 13 cases, x has at most one fixed point
(see Table 1 in the Appendix).
One simple technique for finding further examples is to start by drawing
a single x-handle in a face, and systematically work outwards, adding one
face at a time until the dessin closes up. The constraint that each face should
have seven sides or one greatly reduces the number of possibilities at each
stage. In addition to A, one soon finds the following examples, all planar.
Figure 23 and its mirror image illustrate a chiral pair of dessins of degree
21, each with one x-handle. One can number the half-edges, starting on the
right of the top vertex, so that the standard generators for the dessin are
x = (1, 2, 3)(4, 5, 6)(7, 8, 9)(11, 12, 13)(15, 16, 17)(18, 19, 20)(10)(14)(21),
y = (1, 17)(2, 15)(3, 4)(5, 7)(6, 11)(8, 12)(9, 10)(12, 14)(16, 18)(20, 21)(19),
z = (1, 16, 20, 21, 19, 18, 15)(2, 17, 3, 6, 13, 7, 4)(5, 9, 10, 8, 12, 14, 11).
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Figure 23: A dessin of degree 21 with an x-handle.
We then find from GAP that the monodromy group is A21. Alternatively, one
can prove this by hand, using the fact that the commutator [x, y] = x−1yxy
is a 19-cycle
(1, 7, 9, 6, 13, 12, 3, 18, 20, 21, 16, 4, 14, 8, 11, 10, 5, 17, 19);
this clearly implies that the group is primitive, and by [10] the only primitive
permutation groups of degree n containing an (n−2)-cycle are the symmetric
group Sn, the alternating group An for n odd, and subgroups of PΓL2(q)
containing PGL2(q) where n = q+1 for some prime power q. Since Hurwitz
groups are perfect, and 20 is not a prime power, we have the required result.
Figure 24 illustrates a reflexible dessin of degree 28 with two x-handles.
It is a redrawing of the y-join A(1)A discussed earlier (see Figure 10). Its
monodromy group is PSL2(13), in its imprimitive representation of degree
28 on the cosets of a subgroup C13 ⋊ C3.
Figure 25 and its mirror image illustrate a chiral pair of dessins of degree
n = 29, each with one x-handle. As in the case n = 21, GAP tells us that
the monodromy group is An, and again the fact that [x, y] is an (n−2)-cycle
allows us to confirm this by hand.
Figure 26 illustrates a reflexible dessin D of degree 42 with an x-handle.
According to GAP its monodromy group is A42. Using the (2)-handle in the
outer face, we can form a dessin D1 = D(1)D of degree 84 with two x-handles.
Using one of these handles we can form the triple cover D2 = D1(x)D1(x)D1
of degree 252 with three x-handles. Iteration gives a sequence of dessins
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Figure 24: A dessin of degree 28 with two x-handles.
Figure 25: A dessin of degree 29 with an x-handle.
Dn+1 = Dn(x)Dn(x)Dn of degree 28.3n with 3(3n−2+1)/2 x-handles, for all
n ≥ 1; they are all reflexible and planar. Many other similar iterations are
possible, since if D is any dessin with at least one x-handle, and D′ and D′′
are any dessins with at least two each, then D(x)D′(x)D′′ also has at least
two. Indeed, by taking them to have k − 1, two and two x-handles, one can
construct a dessin with k x-handles for each k ≥ 2.
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Figure 26: A dessin of degree 42 with an x-handle.
6 Handles and joins for the modular group
In [2], Conder extended the technique of joining coset diagrams which he
and Higman had developed for ∆(3, 2, 7) to the triangle groups ∆(3, 2, r) for
all integers r ≥ 7, obtaining similar results to those in the case r = 7.
One can obtain a further extension to the modular group Γ = PSL2(Z) =
∆(3, 2,∞) ∼= C3 ∗ C2, by omitting the relation Z7 = 1, so that faces of any
valency are allowed, while vertices all have valency 3 or 1. In this case,
any ordered pair of fixed points of x or of y in the same face form an x- or
y-handle, so that three or two such dessins with handles can be joined as
described earlier to produce another, but this time with no requirement that
the handles should be in isomorphic faces.
In any such trivalent dessin, the order of z is the level of the corresponding
subgroup M of Γ; in the case of a congruence subgroup, this coincides with
the level as defined number-theoretically, by a result of Wohlfahrt [27].
As an example of dessins rising from congruence subgroups, there is a
natural action of Γ by Mo¨bius transformations on P1(Q). For any prime p,
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reducing this action mod (p) gives the natural action of PSL2(p) on P
1(Fp).
The generating set
X : t 7→ 1
1− t , Y : t 7→
−1
t
, Z : t 7→ t+ 1
for Γ, with defining relations
X3 = Y 2 = XY Z = 1,
reduces mod (p) to give a generating triple (x, y, z) of type (3, 2, p) for
G(p) := PSL2(p), so the natural action of G(p) on the projective line P
1(p),
with stabilisers H ∼= Cp ⋊ C(p−1)/2 for odd p, gives a dessin P(p) of that
type and of degree p+ 1 with monodromy group G(p). There are two faces,
of valencies p and 1; there are two free edges (giving a y-handle) or none as
p ≡ ±1 mod (4), and for p > 3 there are two 1-valent vertices (giving an
x-handle) or none as p ≡ ±1 mod (3).
Example. By Dirichlet’s theorem there are infinitely many primes p ≡ 7
mod (12). For such primes, P(p) has (p + 5)/3 vertices (two of valency 1,
corresponding to the fixed points of x, the rest of valency 3), (p+1)/2 edges
(none of them free), and two faces, so it has genus g = (p − 7)/12. (See
Figure 19 for P(7), and Figure 27 for P(19), with opposite sides of the outer
parallelogram identified to form a torus.) The two vertices of valency 1 both
lie in the face of valency p, so they form a handle. Given three primes pi ≡ 7
mod (12), the join D = P(p1)(x)P(p2)(x)P(p3) has degree s + 3, where
s = p1 + p2 + p3, and has genus (s− 21)/12.
Figure 27: The dessin P(19).
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If we take each pi = p we obtain a regular triple cover P(p)∗ of P(p),
with G(p) as its monodromy group, now acting on the cosets of a subgroup
H∗ ∼= Cp ⋊ C(p−1)/6. However, if the primes pi are not all equal, then the
monodromy group can be very different from the groups G(pi). For instance,
the torus dessin P(7)(x)P(7)(x)P(19) shown in Figure 28 has monodromy
group G ∼= A36; this fact, confirmed by GAP, can be proved as follows, using
the cycle structure 1[3], 7, 9, 17 of z.
If G is imprimitive it has a blocks of size b, where ab = 36 and a, b > 1,
so it can be embedded in the wreath product Sb ≀ Sa. This has order (b!)aa!
with a, b ≤ 18, so we require {a, b} = {18, 2} for it to have order divisible by
17. Since G is generated by elements x and z of odd order it cannot have two
blocks, so a = 18 and b = 2. However, if the group S2 ≀S18 = (S2)18⋊S18 has
an element of order 7.9.17 then so has its quotient S18; this is clearly false,
so G is primitive. Applying Jordan’s Theorem (see §2.2) to the 7-cycle z153
gives G ∼= A36 or S36, and as before the latter is impossible since G = 〈x, z〉.
Figure 28: The dessin P(7)(x)P(7)(x)P(19).
7 Handles and joins for dessins of all types
Here we briefly sketch how to define handles and joins for dessins of any type
(p, q, r). It is sufficient to define handles and joins only for x, generalising
the construction given earlier for them in the case p = 3, q = 2.
We will now represent a dessin D in the usual way as a bipartite map,
with x and y rotating edges around their incident black and white vertices,
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and with faces corresponding to the cycles of z. (Up to now, with q = 2,
we have omitted the white vertices, but now, with arbitrary q, we need
them.) As before, a (k)-handle for x is a pair a, b of fixed points for x with
b = a(yx)ky, so that the corresponding black vertices lie in the same face.
D1
D2
Dd
ab
Figure 29: The x-join D1(x)D2(x) · · · (x)Dd.
Let dessins Di (i = 1, 2, . . . , d) of type (p, q, r) have (k)-handles (ai, bi)
for x, with the same k, where d divides p. An x-join D1(x)D2(x) · · · (x)Dd
is formed by defining the cycles of x and y to be those they have in the
dessins Di, except that the fixed points ai, bi of x become two cycles a =
(a1, a2, . . . , ad) and b = (bd, bd−1 . . . , b1). The result is a dessin D of type
(p, q, r), formed by joining the dessins Di across cuts (see Figure 29). As
before, this operation is additive in the degrees and genera of the dessins Di.
The elliptic periods in the signature of D are those for the dessins Di, except
that 2d periods p corresponding to the fixed points ai, bi are replaced with
two periods p/d corresponding to a and b (these can be omitted if d = p).
Everitt [5] used a similar joining operation with k = 1 for coset diagrams
for Dyck groups (cocompact groups of genus 0, of signature (0;m1, . . . ,mr)
for integers mi ≥ 2). This was an important ingredient in proving that
each non-elementary Fuchsian group Γ has almost all alternating groups as
quotients. It is hoped to use a combination of these joining operations to
extend the results in [11, 12] on maximal subgroups from certain triangle
groups to all such groups Γ.
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8 Appendix: dessins based on Conder’s diagrams
In [1], Conder used 14 coset diagrams A, . . . ,N for subgroups of finite index
n in ∆. As explained earlier, his diagrams can be interpreted as planar
Hurwitz dessins A, . . . ,N of degree n. We have already used the dessins A,
B, C, F and G as examples of Hurwitz dessins: see Figure 3 for A, B and C,
and Figures 14 and 13 for F and G; for completeness, we give all the dessins
here, together with their basic properties (see also [13]).
Dessin degree n monodromy
group G
number of
(k)-handles
α, β, γ
A 14 PSL2(13) 1, 0, 0 2, 2, 0
B 15 A15 0, 1, 1 0, 3, 1
C 21 PGL3(2) > D4 1, 0, 1 0, 5, 0
D 22 A22 0, 1, 0 1, 2, 1
E 28 PSL2(8) > D9 1, 1, 0 1, 4, 0
F 30 PSL2(29) 0, 1, 0 0, 2, 2
G 42 PSL2(13) > D13 3, 0, 0 0, 6, 0
H 42 A42 1, 0, 1 0, 6, 0
I 57 A57 0, 2, 0 0, 5, 1
J 72 (S2 ≀ A36) ∩A72 2, 0, 0 0, 4, 2
K 72 A72 1, 0, 0 0, 4, 2
L 102 A102 0, 1, 0 0, 2, 4
M 108 A108 1, 1, 0 0, 4, 3
N 108 A108 1, 0, 1 0, 4, 3
Table 1: Dessins A, . . . ,N based on Conder’s diagrams A, . . . ,N
In Table 1 we give the degree n and the monodromy group G (in most
cases obtained by using GAP) for each dessin. When G is An or PSL2(n−1),
it always acts naturally; such an action is primitive, so the automorphism
group of the dessin is trivial. For C, E and G, where G does not act naturally,
we give a point-stabiliser H in the form G > H. The orientation-preserving
automorphism group of the dessin is trivial for C and E , and isomorphic to
C3 and C2 for G and J . We also give the number of disjoint (k)-handles for
k = 1, 2, 3 and the numbers α, β and γ of fixed points of x, y and z, which
determine the signature of the dessin (they all have genus 0).
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A B
Figure 30: The dessins A and B.
C D
Figure 31: The dessins C and D.
E F
Figure 32: The dessins E and F .
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G H
Figure 33: The dessins G and H.
I J
Figure 34: The dessins I and J .
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Figure 35: The dessin K.
Figure 36: The dessin L.
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Figure 37: The dessin M.
Figure 38: The dessin N .
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